A combinatorial characterization of geometric spreads  by Beutelspacher, Albrecht
Discrete Mathematics 97 (1991) 59-62 
North-Holland 
59 
A combinatorial characterization 
of geometric spreads 
Albrecht Beutelspacher 
Mathematkches Institut, Justus-Liebig-Uniuersitiit GieBen, Amdtstr. 2, W-6300 GieRen, 
Germany 
Received 7 March 1990 
In memory of Egmont KiihIer. 
Abstract 
Beutelspacher A., A combinatorial characterization of geometric spreads, Discrete Mathemat- 
ics 97 (1991) 59-62. 
A t-spread in a projective space P = PG(d, q) is a set of t-dimensional subspaces which 
partitions the point set of P. A t-spread S is called geometric if it induces a spread in any 
(2t + I)-dimensional subspace containing at least two elements of S. In this note we 
characterize the geometric t-spreads S among all partial spreads in the first nontrivial case 
PG(3t + 2, q) by the property that any subspace of dimension 3t contains at least one element 
of S. This is the first instance of a combinatorial characterization of geometric spreads. 
1. Introduction 
Denote by P = PG(d, q) the d-dimensional projective space of dimension d 3 3 
and order q. A partial t-spread of P is a set of mutually skew t-dimensional 
subspaces of P; a partial t-spread S is said to be a t-spread if every point of P is on 
a (necessarily unique) element of S. It is well known (cf. for instance [4, p. 291) 
that PG(d, q) has a t-spread if and only if t + 1 divides d + 1. 
Spreads that have found special interest are the so-called geometric spreads. A 
t-spread S of P is called geometric if any three elements V,, VI, V, of S satisfy the 
following condition: If V, intersects the subspace (VI, V,) generated by V, and V, 
nontrivially, then V, is contained in (VI, V2). It is known [l, 51 that PG(d, 4) has 
a geometric t-spread if (and only if) t + 1 divides d + 1. Geometric t-spreads S 
have many interesting algebraic and geometric properties. For instance, the 
elements of S form the l-dimensional subspaces of a vector space over GF(q’+‘) 
[l]; equivalently, the elements of S together with the subspaces of the form 
(VI, V,), where VI, V, E S, VI # Vz, form a Desarguesian projective space of 
order q’+’ [5]. 
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In this paper we shall prove a combinatorial characterization of geometric 
spreads inside the class of all partial spreads. In order to motivate the main result, 
we quote a result from [2]. 
Result 1. Let S be a partial t-spread in PG(d, q), where d = a(t + 1) - 1 with the 
property that every subspace of a certain dimension r contains at least one element 
ofS. Thenraddl-u(=at). 
Now we can formulate the main result. 
Theorem. Let S be a partial t-spread in PG(d, q), where d = a(t + 1) - 1, with the 
property that every subspace of a certain dimension d + 1 - a contains at least one 
element of S. Then: 
(a) S is a (total) spread of P; 
(b) S is geometric, when a = 3. 
This theorem will follow from more general results (see Corollaries 1 and 2). 
2. Proof of the theorem 
Let us denote by P = PG(d, q) the finite projective space of order q and 
dimension d 3 3. Then there exist integers a and b with -1~ b c t - 1 satisfying 
d = a(t + 1) + b. 
Let S be a partial t-spread of P with the property that any subspace of 
codimension a (that is of dimension at + b + 1) of P contains at least one element 
of s. 
Lemma 1. Every subspace U of codimension a - 1 (that is of dimension 
at + b + 2) contains at least q’+’ + 1 elements of S; equality holds if and only if the 
elements of S in II form a t-spread in an appropriate (2t + l)-dimensional subspace 
of u. 
Proof. Let S, be the set of elements of S contained in U. We distinguish two 
cases. 
Case 1: There exists a subspace X of dimension (u - 2)t + b + 1 of U which has 
no point in common with any element of S,. 
Since the quotient geometry U/X has dimension at + b + 2 - ((a - 2)t + b + 
1) - 1 = 2t, and any hyperplane of U through X contains at least one element of 
S,, we obtain 
\s,1+-‘+*** + q + 1) 3 (q2f + . . . + q + 1) * 1. 
(Note that the number of hyperplanes of U through X and an element of SU 
equals q'-l + - . . + q + 1.) It follows that IS,\ > q’+’ + 1. 
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Case 2: Any subspace of dimension (a - 2)t + b + 1 of U intersects at least one 
element of SLr. 
Then, by the theorem of Tallini [6] and Bose-Burton [3], the number v of 
points on the elements of SU satisfies 
‘u > q(af+b+2)-(a-2)r-b-l + . . . +q+1=q2’+‘+.**+q+1; 
equality holds if and only if these v points are the points of a (2t + 1)-dimensional 
subspace of U. It follows that 
l&l 3 q’+’ + 1, 
with equality if and only if SU is a t-spread in a (2t + 1)-dimensional subspace of 
u. 
Cases 1 and 2 together prove the lemma. 0 
Lemma 2. Denote by Ui a subspace of dimension at + b + 1 + i of P (0 6 i c 
a - 1). Then Ui contains at least qiCt+l) + q(‘-‘)(‘+l) + . - . + q’+’ + 1 elements of S. 
In particular, ISI 3 q+-‘)@+l) + . . . + q’+’ + 1. 
Proof. We proceed by induction on i. The case i = 0 is the hypothesis and the 
case i = 1 has been handled in Lemma 1. 
Suppose now i 2 2 and assume that the assertion is true for i - 1. Fix a 
subspace W of dimension at + b + 1 + i. Since, by induction, any hyperplane of W 
contains at least q(‘-‘)(‘+‘) + . . . + q’+’ + 1 elements of S, we obtain 
IS,I . (q~r+i-f-l + . . . + q + 1) 3 (,ac+i + . . . + q + 1) . (q(i-W+l) + . . . + q’+l + 1). 
Therefore, 
lsLIl> qr+l . (q(i-l)(r+l) + . . . + q’+l + 1) = qiO+l) + q(i-l)(~+l) + . . . + qt+l. 
This is the first assertion. It follows in particular (i = a - 1) that 
ISJ = I&l > q(N(‘+‘) + q(“-2)(‘+‘) + . . . + q’+’ + 1. 0 
Corollary 1. Suppose d = a(t + 1) - 1 (that is, b = -1). Then S is a (total) 
t-spread of P. 
Proof. By Lemma 2, ISI 2 q(“-‘)(‘+l) + . . . + q’+’ + 1. A trivial counting argu- 
ment shows that a partial t-spread of PG(a(t + 1) - 1, q) with so many elements is 
in fact a spread. 0 
Thus, part (a) of the theorem is proved. 
Proposition 1. Suppose a = 3. Zf (S( s q’(‘+‘) + q’+’ + 1, then S is a geometric 
t-spread of an appropriate (3t + 2)-dimensional subspace P’ of P. 
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Proof. First we show that S is a t-spread in an appropriate subspace P’ of 
dimension 3t + 2. 
In order to show this we assume that there exists a subspace Y of dimension 
b + 1 which intersects no element of S. Since by Lemma 1 any hyperplane 
through Y contains at least q ‘+’ + 1 elements of S, we would have 
ISI . (q2f + * * . + q + 1) 2 (q3r+l + . . * + q + l)(q’+l+ 1) 
= (q2f + . . . + q + l)(q2t+2 + q’+’ + q) + 1, 
contradicting ISI < q’(‘+‘) + q’+’ + 1. Therefore, by the theorem of Tallini [6] and 
Bose-Burton [3] it follows that 
4 3r+2 + . . .+q+1~(q’+.~.+q+1).ISI~q3’+3+b-(b+1)+.~*+q+1. 
Hence we have equality, and the quoted theorem implies that S is indeed a 
t-spread in a suitable (3t + 2)-dimensional subspace P’ of P. Therefore, every 
hyperplane H of P’, contains precisely q ‘+’ + 1 elements of S. Thus, Lemma 1 
implies that these elements of S form a t-spread in a subspace U, of dimension 
2t + 1 of H. 
From this it follows easily that S is geometric. Let VI, V2 be two distinct 
elements of S. Since they are contained in a common hyperplane H, they both 
belong to U,; so S induces a spread in (VI, V,). Since this is true for any two 
elements of S, the spread S is geometric. Cl 
Corollary 2. Let S be a partial t-spread in P = PG(3t + 2, q) with the property that 
any subspace of dimension 3t contains at least one element of S. Then S is a 
geometric t-spread of P. 
This proves part (b) of the theorem. 
We conclude by an open question. Can one generalize Theorem 1 to an 
arbitrary dimension d = a(t + 1) + b (a 5 3)? One could do so if Lemma 1 could 
be proved for subspaces U of higher dimension. 
Added in proof. The question above can be answered in the affirmative (joint 
work with J. Ueberberg). 
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